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We present a general framework that reveals substructures of genuine multipartite entanglement.
Via simple inequalities it is possible to discriminate different sets of multipartite qubit states. These
inequalities are beneficial regarding experimental examinations as only local measurements are re-
quired. Furthermore, the number of observables scales favorably with system size. In exemplary
cases we demonstrate the noise resistance and discuss implementations.
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I. INTRODUCTION
Quantum entanglement has been subject to intense studies in various directions for several decades and has been
found in many different physical systems including systems not consisting of ordinary matter and light (see e.g. [1, 2]).
It gave rise to several concepts for new technologies such as quantum cryptography (see e.g. [3]), quantum computation
(e.g. [4]) or quantum teleportation (e.g. [5]). Despite these efforts, entanglement is still far from being completely
understood (for an overview, see e.g. [6]) and particularly in multipartite entanglement (see e.g. [7, 8]) there are many
unanswered questions remaining so far.
One of these open questions concerns the problem of classification of multipartite entanglement. This is usually
addressed in terms of separability properties (which has been studied e.g. in Refs. [9–11]) or, in more detail, in terms
of density matrix decomposition equivalence classes. The focus of this work is the latter.
While for bipartite entanglement, states can be characterized comparatively easily by means of Schmidt numbers
[12], multipartite entangled states have a much more complicated structure, which is only known explicitly for very
special cases. For example, for three qubits, there are four distinct classes of states [13, 14], namely separable ones,
biseparable ones (i.e. states with two entangled particles which are separable from the third) and the two well-known
classes of genuinely multipartite entangled states, the GHZ-state and the W -state (see Ref. [13]). For four qubits
there are nine different classes (see Ref. [15]) and beyond that there is no known classification scheme.
Employing and classifying the substructure of (genuine) entanglement is of interest as current experiments are
continuously improving in controlling larger and larger multipartite entangled systems, e.g. in quantum optics with
photons (see e.g. Refs. [17, 18]) or with ions (see e.g. Refs.[19, 20]) or in circuit QED of superfluid systems (see e.g.
Refs.[21, 22]). However, it is also important to be able to determinate the entanglement class as e.g. the security of
secrete sharing protocols rely on them (see Ref. [23]).
In this manuscript, we use the framework introduced in Ref. [24] in order to derive general inequalities, capable of
distinguishing between different classes for multipartite qubit systems. So far, classes were usually defined with respect
to SLOCC equivalence (for details see Refs. [25–29]), which captures whether given states can be converted into each
other via stochastic local operations and classical communication. Here we pursue a different approach, defining certain
equivalence classes that arise via local unitaries and permutations. This has the advantage that this class definition
is Lorentz invariant (see Ref. [30]) and we are able to develop inequalities to distinguish between these classes in an
experimentally feasible way. This manuscript is organized as follows: In section II the basic terminology and definitions
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2are introduced, so that in section III criteria for discriminating different classes of states can be presented, which is
the main result of this work. These criteria are then tested and illustrated for a particular class of states in section
IV and thoroughly discussed in section V.
II. CLASSIFYING MULTIPARTITE ENTANGLED STATES
Let us first repeat the definition for a multipartite state to be k−separable [6]. A pure n-partite state |Ψ〉 is called
k–separable if it can be written as a product
|Ψk〉 = |φ1〉 ⊗ |φ2〉 ⊗ · · · ⊗ |φk〉 , k ≤ n (1)
of k states |φi〉 each of which corresponds to a single subsystem or a group of subsystems. If k = n then the state is fully
separable. If k = 1, i.e. there is no such form with at least two factors, then |Ψ〉 is 1-separable or genuinely n-partite
entangled. For example, the well known GHZ state 1√
2
{|000〉+ |111〉} and the W-state 1√
3
{|001〉+ |010〉+ |100〉} are
genuinely multipartite entangled while e.g. the state 1√
2
{|00〉+ |11〉}|0〉 is 2-separable or biseparable.
For mixed states the definition of k-separability is straightforward: A state is k-separable iff the state can be
decomposed into pure states
̺ =
∑
i
pi |Ψ
k
i 〉〈Ψ
k
i | , pi > 0 and
∑
i
pi = 1 (2)
wherein all contained pure states are at least k-separable and at least one pure state is k-separable (i.e. there exists
no decomposition with (k + 1)-separable states and no (k − 1)-separable state is needed in the decomposition). Note
that a mixed state can still be partially separable, even if the k subsystems can not be split into two groups that are
not entangled with each other. E.g. the following tripartite state is biseparable (2-separable)
̺ =
∑
i
piρ
i
12 ⊗ ρ
i
3 +
∑
i
qiρ
i
13 ⊗ ρ
i
2 +
∑
i
riρ
i
23 ⊗ ρ
i
1
with pi, qi, ri > 0 and
∑
i
pi +
∑
j
qj +
∑
k
rk = 1 (3)
where ρixy are pure entangled bipartite states. Even though there is no bipartite splitting with respect to which
the state is separable, it is considered biseparable since it can be prepared through a statistical mixture of bipartite
entangled states. The nested structure of k-separability is shown in Fig. (1).
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FIG. 1: Here the nested convex structure of k-separability in multipartite systems is illustrated.
For pure states the question of k-separability can be answered by common separability criteria for bipartite systems,
simply by considering all segmentations of the k-partite system into two parts. However, the same question becomes
significantly more difficult to answer for mixed states ̺. In Ref. [31] separability criteria for arbitrary k in form of
simple inequalities have been introduced.
3An equivalence class (with respect to density matrix decompositions) is defined as follows:
Definition 1: A class C({|Ψkx〉}) is defined as the set of convex mixtures of local unitary equivalents and
permutational equivalents of k-separable states |ψj〉 ∈ {|Ψ
k
x〉}, excluding all higher separable states (k
′ > k) within
that set
C({|Ψkx〉}) := {
∑
i,j
piU
i
locΠ
i|ψj〉〈ψj |Π
i†U iloc
†
}\
⋃
i,k′>k
C({|Ψk
′
i 〉}) . (4)
Here, the index x labels a defining property for the set {|Ψkx〉}, e.g. the tensor rank, as in the following. The
U iloc = U
i
1 ⊗ U
i
2 ⊗ (· · · ) ⊗ U
i
n are local unitary operators and Π
i are permutation operators exchanging arbitrary
subspaces in |ψj〉〈ψj |.
In this paper we are interested in all classes of genuinely multipartite entangled states, i.e. C({|Ψ1x〉}). It is an open
question how many of such equivalence classes are needed in general for a decomposition of a given ρ, as in eq. (2).
The task at hand is to identify all possible families of states {|Ψkx〉}, which in a convex sum can build up a given density
matrix ρ. For n-qubits we can introduce at least three such classes for arbitrary n, which can be distinguished with the
mathematical framework we introduce. These three classes are defined via generalizations of the famous GHZ state
(Greenberger-Horne-Zeilinger, see Ref. [32]), the W state (see Ref. [13]) and the Dicke state with two excitations (see
Ref. [33]). In order to avoid confusion with the previous definition and to put them into a more general framework we
label them according to their respective tensor rank (for more details on the tensor rank of multipartite states see e.g.
Ref. [34]). The above definition also includes all previous classification schemes, depending on the choice of {|Ψkx〉},
(e.g. the classification from Ref. [14] with the two appropriate choices).
Definition 2: We define the class C({|Ψ1(2)〉}) of “double states” for n qubits (a generalization of the GHZ state [32])
via the set
{|Ψ1(2)〉} := {|ψ〉 ∈ C
2n : |ψ〉 = λ1
n⊗
i=1
|xi〉+ λ2
n⊗
i=1
|xi〉} (5)
where |xi〉 are arbitrary normalized one qubit states and 〈xi|xi〉 = 0, such that |xi〉 and |xi〉 form orthonormal bases
of each single qubit system, λ1, λ2 ∈ C \ {0} and |λ1|
2 + |λ2|
2 = 1.
Definition 3: We define the class C({|Ψ1(n)〉}) of “n-tuple states” for n qubits (a generalization of the W
state [13]) via the set
{|Ψ1(n)〉} := {|ψ〉 ∈ C
2n : |ψ〉 =
n∑
i=1
λi|Wi〉} (6)
where |Wi〉 =
⊗
k 6=i |xk〉 ⊗ |xi〉 and λi ∈ C \ {0} satisfying
∑
i |λi|
2 = 1.
Definition 4: We define the class C({|Ψ1(n−1)〉}) of “(n − 1)-tuple states” for n qubits (equivalent to the
Dicke state for n qubits [33] with two excitations) via the set
{|Ψ1(n−1)〉} := {|ψ〉 ∈ C
2n : |ψ〉 =
√
2
n(n− 1)
∑
i<j
|Dij〉} (7)
where |Dij〉 =
⊗
k 6=i,j |xk〉 ⊗ |xi〉 ⊗ |xj〉. In Ref. [34] it was shown that this state has tensor rank (n− 1).
Note that our definition of these classes differs from the one introduced in the context of SLOCC equivalence in
Ref. [14], where the classes are defined to be nested convex, such that W ⊂ GHZ, whereas C({|Ψ1(n)〉}) ⊂ C({|Ψ
1
(2)〉})
is not true. Also, in our definition there are more classes than in Ref. [14], since for example the most general pure
three qubit state
|Ψ〉 = λ1|000〉+ λ2|111〉+ λ3|001〉+ λ4|010〉+ λ5|100〉 (8)
(see also Ref. [35]) is contained in neither of the classes defined above when |λi| > 0 ∀ i. This is discussed in more
detail in section V.
In the following we will show how we can distinguish our introduced classes of genuine multipartite entanglement
by certain inequalities, followed by a section showing how these inequalities are experimentally implementable.
4III. DISTINGUISHING CLASSES OF STATES
In the following we present our main results. All inequalities are proven in detail in the appendix (section VI).
The “(n)-tuple state” inequality I(n): The inequality
ℜe{〈0|⊗nρ|1〉⊗n} − α
(
1− 〈0|⊗nρ|0〉⊗n − 〈1|⊗nρ|1〉⊗n
)
≤ 0 (I(n))
is satisfied for all biseparable states and by all states of the class C({|Ψ1(n)〉}), where α =
3
2 for n = 3,
α = 1 for n = 4 and α = 12 for n > 4.
The “double state” inequality I(2): The inequality
ℜe{
∑
i6=j
〈wi|ρ|wj〉+ (−1)
n+1〈wi|ρ|wj〉} − (n− 2)
∑
i
(〈wi|ρ|wi〉+ 〈wi|ρ|wi〉)
−
∑
i6=j
(〈dij |ρ|dij〉+ 〈dij |ρ|dij〉)−
n(n− 1)
2
(〈0|⊗nρ|0〉⊗n + 〈1|⊗nρ|1〉⊗n) ≤ 0 (I(2))
is satisfied for all biseparable states and by all states of the class C({|Ψ1(2)〉}), where |dij〉 =
|0〉⊗(i−1) ⊗ |1〉i ⊗ |0〉⊗(j−i−1) ⊗ |1〉j ⊗ |0〉⊗(n−j), |wi〉 = |0〉⊗(i−1) ⊗ |1〉i ⊗ |0〉⊗(n−i) and an overline
denotes orthonormality in all subsystems, e.g. |dij〉 = |1〉
⊗(i−1) ⊗ |0〉i ⊗ |1〉⊗(j−i−1) ⊗ |0〉j ⊗ |1〉⊗(n−j) .
The “(n− 1)-tuple state” inequality I(n-1): The inequality
ℜe{
∑
i6=j
〈wi|ρ|wj〉} − (n− 2)
∑
i
(〈wi|ρ|wi〉
−(n− 2)
∑
i6=j
(〈dij |ρ|dij〉)−
n(n− 1)
2
(〈0|⊗nρ|0〉⊗n) ≤ 0 (I(n− 1))
is satisfied for all biseparable states and by all states of the class C({|Ψ1((n−1))〉}).
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FIG. 2: (Color online) Here the structure of (a) three and (b) five qubit mixed states is illustrated. The three entanglement
classes C({|Ψ1(2)〉}), C({|Ψ
1
(n)〉}) and C({|Ψ
1
(n−1)〉}) of course form convex sets together with the partially separable states, which
can be excluded by our inequalities I(2), I(n), I(n − 1) and inequality II from Ref. [24]. The partially separable states are
subsumed as PS. The different sets are drawn completely disjoint, although it might still be possible that there is a non-
vanishing overlap. Numerical analysis of tripartite systems suggests otherwise, but even if there was, it would not change any
of the presented results. Also note that a two dimensional picture will always fail to incorporate all essential properties of
multipartite entanglement. This illustration should facilitate the understanding of how the inequalities work.
5As these inequalities constitute only necessary conditions, their yield depends strongly on the chosen basis. So in
case of unknown input states it is necessary to optimize over all local unitary operators U = U1 ⊗ U2 ⊗ · · · ⊗ Un to
obtain optimal results. A parametrization of unitary operators which is suited very well for this task can be found in
Ref. [36]. In Fig. (2) we illustrate the substructure of multipartite entangled states, together with the corresponding
inequalities, for three- and five-qubit states.
IV. EXPERIMENTAL IMPLEMENTATION
It is crucial for any criteria for large systems to be implementable experimentally without having to resort to quan-
tum state tomography, i.e. in large systems it is benefical if criteria are examinable without knowing all entries of a
density matrix. This stems from the fact that a full state tomography for n-qubits requires 22n measurement settings
which for large n is unfeasible. It is also very important that the criteria are locally implementable, as in large systems
global measurement operations become more complex and all particles may not be available for global manipulation.
All three criteria to distinguish the three defined subclasses of genuine multipartite entanglement are locally imple-
mentable in experiments. This can be shown as our inequalities can be rewritten in terms of local expectation values
of Pauli operators. This directly follows from the fact that our inequalities consist of a linear combination of density
matrix elements, where each of which can of course be expressed in terms of local expectation values. To that end let
us first introduce a compact notation in order to provide the inequalities in an elegant way:
i1i2 · · · in := 〈σi1 ⊗ σi2 ⊗ (· · · )⊗ σin〉 (9)
where σ1 := 1.
In this notation the elements of density matrices can be written in a compact way, e.g. for three qubits
ℜe{〈000|ρ|111〉} = xxx − yyx− yxy − xyy . (10)
So for three qubits the ”double state”-inequality reads
(xxx − yyx− yxy − xyy)− 3(3− zz1− z1z − 1zz) ≤ 0 , (11)
and the ”3-tuple-state”-inequality yields
(1xx+ xx1 + x1x+ 1yy + y1y + yy1)
−
9
32
(3− zz1− z1z − 1zz)−
3
16
(1− 11z − 1z1− z11) ≤ 0 . (12)
so we see that 7 local measurement settings are required for the ”double state”-inequality and 12 for the ”triple
state”- inequality as opposed to the 63 measurement settings required for a full state tomography. In this place we
notice some correspondence to the class definition via SLOCC. The witness in Ref. [37] uses the same observables to
distinguish between the W and GHZ class (however in a different combination). The advantage of our criteria is that
they generalize for systems with more parties in a straightforward way. In Fig. (3) we illustrate the membership to
the various entanglement classes for an example of a family of four-qubit states.
6FIG. 3: (Color online) Here the entanglement classes for the four qubit state ρ = α|φ1〉〈φ1|+β|φ2〉〈φ2|+
1−α−β
16
1 are illustrated,
with |φ1〉 =
1√
2
(|0000〉 + |1111〉) ∈ C{|Ψ1(2)〉} and |φ2〉 =
1
2
(|1000〉 + |0100〉 + |0010〉 + |0001〉) ∈ C{|Ψ1(4)〉}. For the parameter
region I (red) the state is not in C({|Ψ1(4)〉}), for region II (green) it is not in C({|Ψ
1
(2)〉}) and for region III (grey) it is genuinely
multipartite entangled, as detected by the criteria introduced in Ref. [24]. The region labeled PPT (blue) contains all states
which are positive under partial transposition for the two distinct bipartitions.
V. DISCUSSION AND CONCLUSION
We have identified three classes of genuinely multipartite entangled states of n qubits and introduced criteria which
enable a simple computational and an experimental discrimination between those classes. However, as shown in
Refs. [14, 15], these classes do not sufficiently characterize the set of all genuinely multipartite entangled states. In
order to have a complete characterization one can use criteria to detect genuine multipartite entanglement (such as
e.g. [9, 10, 14, 24]) to also include the complementing classes.
One possibility to define the complementing class is to write down the most general form of an n-qubit state:
|ψt〉 :=
∑
i1,i2,··· ,in
ci1,i2,··· ,in |i1i2 · · · in〉 (13)
All n-qubit states are local unitarily equivalent to this state for some choice of ci1,i2,··· ,in . The equivalence class
C({|Ψ1t 〉}) contains all C({|Ψ
1〉}) for some choice of ci1,i2,··· ,in . So if we exclude the parameter choices for the three
known classes, i.e. C({|Ψ1t 〉}) \ {C({|Ψ
1
(2)〉}), C({|Ψ
1
(n)〉}), C({|Ψ
1
(n−1)〉})} we have the complementing set containing
all other genuinely multipartite entangled states. It is completely unknown in general how many inequivalent choices
for ci1,i2,··· ,in are possible for n-partite systems, but with our proposed framework it should be possible to design an
inequality for any given class.
To sum up we have defined three different classes of genuine multipartite entanglement for n qubits, the double
states (a generalization of GHZ states), the (n)-tuple states (a generalization of W states) and then (n − 1) tuple
states (a generalization of certain Dicke states) which posess different physical properties and therefore provide
different applications. These substructures of genuine entangled states are equivalence classes that arise via local
unitaries and permutations.. We have presented three simple computable inequalities, each of which is satisfied
for all biseparable states and for the class of genuine multipartite entanglement that corresponds to the inequality.
Therefore, any violation of the inequality detects that the given state is not of a certain class. This certainly
can be used for different applications as e.g. the success of secrete sharing protocols or quantum algorithms
rely on certain class of entangled states. We have further shown that all presented criteria can be rewritten
by local expectation values, thus are experimentally implementable and require far less measurement settings
that full state tomography, i.e. scale favourable with the system size. Last but not least we want to stress that
we presented a framework which may be generalized to any n-partite qudit system, where up to now even less is known.
7VI. APPENDIX
The general concept behind all upcoming proofs is a calculation of the inequalities for the most general pure state.
As all inequalities are convex the validity for mixed states is automatically given. All inequalities consist of the real
parts of a certain off-diagonal density matrix elements from which diagonal elements are subtracted. In order to prove
the inequalities we will first show that certain real parts of the diagonal elements cancel each other, so we can then
use them freely to complete negative squares with the real parts from the off-diagonal elements and thus prove the
inequality.
Proof of the “double state” inequality:
The “double state” inequality, (I(2)),∑
i6=j
ℜe[(〈wi|ρ|wj〉+ (−1)
n+1〈wi|ρ|wj〉)]− α
∑
i
(〈wi|ρ|wi〉+ 〈wi|ρ|wi〉)−
β(〈00 · · · 0|ρ|00 · · ·0〉+ 〈11 · · · 1|ρ|1 · · · 11〉)− γ
∑
i6=j
(〈dij |ρ|dij〉+ 〈dij |ρ|dij〉) ≤ 0 (14)
is satisfied for all states of the form
|ψ(2)〉 = λ1|x1x2 · · ·xn〉+ λ2|y1y2 · · · yn〉 (15)
where
|xi〉 = ai|0〉+ ai|1〉 (16)
|yi〉 = ai
∗|0〉 − a∗i |1〉 (17)
for some α, β, γ > 0
Proof 1: The individual scalar products yield
〈wi|ψ(2)〉 = λ1
∏
n6=i
(an)ai − λ2
∏
n6=i
(a∗n)a∗i (18)
〈wi|ψ(2)〉 = λ1
∏
n6=i
(an)ai + (−1)
n+1λ2
∏
n6=i
(a∗n)a∗i (19)
〈dij |ψ(2)〉 = λ1
∏
n6=i,j
(an)aiaj + λ2
∏
n6=i,j
(a∗n)a∗i a
∗
j (20)
〈dij |ψ(2)〉 = λ1
∏
n6=i,j
(an)aiaj + (−1)
nλ2
∏
n6=i,j
(a∗n)a∗i a
∗
j (21)
〈00 · · · 0|ψ(2)〉 = λ1
∏
n
an + λ2
∏
n
a∗n (22)
〈11 · · · 1|ψ(2)〉 = λ1
∏
n
an + (−1)
nλ2
∏
n
a∗n (23)
(24)
which results in
〈wi|ψ(2)〉〈ψ(2)|wj〉 = |λ1|
2
∏
n6=i,j
(|an|
2)aia
∗
i a
∗
jaj
︸ ︷︷ ︸
W 0
ij
+ |λ2|
2
∏
n6=i,j
(|an|
2)a∗iaiaja∗j︸ ︷︷ ︸
W 1
ij
−(λ1λ
∗
2
∏
n6=i,j
(anan)a
2
i a
2
j + λ
∗
1λ2
∏
n6=i,j
(a∗na∗n)a
∗2
i a
∗2
j) (25)
8and
〈wi|ψ(2)〉〈ψ(2)|wj〉 = |λ1|
2
∏
n6=i,j
(|an|
2)a∗iaiaja∗j︸ ︷︷ ︸
W
0
ij
+ |λ2|
2
∏
n6=i,j
(|an|
2)aia
∗
i a
∗
jaj
︸ ︷︷ ︸
W
1
ij
+(−1)n+1(λ1λ
∗
2
∏
n6=i,j
(anan)a
2
i a
2
j + λ
∗
1λ2
∏
n6=i,j
(a∗na∗n)a∗
2
i a
∗2
j)
(26)
and
|〈wi|ψ(2)〉|
2 = |λ1|
2
∏
n6=i
(|an|
2)|ai|
2 + |λ2|
2
∏
n6=i
(|an|
2)|ai|
2 − 2ℜe[λ1λ
∗
2
∏
n
(anan)] (27)
|〈wi|ψ(2)〉|
2 = |λ1|
2
∏
n6=i
(|an|
2)|ai|
2 + |λ2|
2
∏
n6=i
(|an|
2)|ai|
2 + (−1)n+12ℜe[λ1λ
∗
2
∏
n
(anan)] (28)
and
|〈00 · · ·0|ψ(2)〉|
2 = |λ1|
2
∏
n
(|an|
2)
︸ ︷︷ ︸
|M0|2
+ |λ2|
2
∏
n
(|an|
2)
︸ ︷︷ ︸
|M1|2
+2ℜe[λ1λ
∗
2
∏
n
(anan)] (29)
|〈11 · · · 1|ψ(2)〉|
2 = |λ1|
2
∏
n
(|an|
2)
︸ ︷︷ ︸
|M0|2
+ |λ2|
2
∏
n
(|an|
2)
︸ ︷︷ ︸
|M1|2
+(−1)n2ℜe[λ1λ
∗
2
∏
n
(anan)] (30)
and finally
|〈dij |ψ(2)〉|
2 = |λ1|
2
∏
n6=i,j
(|an|
2)|ai|
2|aj |
2
︸ ︷︷ ︸
|D0
ij
|2
+ |λ2|
2
∏
n6=i,j
(|an|
2)|ai|
2|aj |
2
︸ ︷︷ ︸
|D1
ij
|2
+2ℜe[λ1λ
∗
2
∏
n
(anan)] (31)
|〈dij |ψ(2)〉|
2 = |λ1|
2
∏
n6=i,j
(|an|
2)|ai|
2|aj |
2
︸ ︷︷ ︸
|D0ij |2
+ |λ2|
2
∏
n6=i,j
(|an|
2)|ai|
2|aj |
2
︸ ︷︷ ︸
|D1ij |2
+(−1)n2ℜe[λ1λ
∗
2
∏
n
(anan)] (32)
this results for the real parts R = 2ℜe[λ1λ
∗
2
∏
n(anan)] in
− nαR+ nα(−1)n+1R+ βR+ (−1)nβR+ n(n− 1)γR+ (−1)nn(n− 1)γR = (33)
= R(nα((−1)n+1 − 1) + β(1 + (−1)n) + n(n− 1)γ(1 + (−1)n)) (34)
which is zero for odd n. For even n and the choice α = n−22 , β =
n(n−2)
4 and γ =
n−2
4(n−1) it yields
= R(n
n− 2
2
(−2) +
n(n− 2)
4
(2) + n(n− 1)
n− 2
4(n− 1)
(2)) = 0 (35)
Using
ℜe[〈wi|ψ(2)〉〈ψ(2)|wj〉]−
n− 2
2(n− 1)
(〈wi|ψ(2)〉〈ψ(2)|wi〉+ 〈wj |ψ(2)〉〈ψ(2)|wj〉)
=
1
n− 1
ℜe[〈wi|ψ(2)〉〈ψ(2)|wj〉]−
n− 2
2(n− 1)
|〈wi|ψ(2)〉 − 〈wj |ψ(2)〉|
2
︸ ︷︷ ︸
Xij
(36)
9and
ℜe[〈wi|ψ(2)〉〈ψ(2)|wj〉]−
n− 2
2(n− 1)
(〈wi|ψ(2)〉〈ψ(2)|wi〉+ 〈wj |ψ(2)〉〈ψ(2)|wj〉)
=
1
n− 1
ℜe[〈wi|ψ(2)〉〈ψ(2)|wj〉]−
n− 2
2(n− 1)
|〈wi|ψ(2)〉 − 〈wj |ψ(2)〉|
2
︸ ︷︷ ︸
Xij
(37)
the inequality now reads
∑
i6=j
(
1
n− 1
ℜe[W 0ij +W
1
ij + (−1)
n+1(W
0
ij +W
1
ij)]− (Xij +Xij)−
n− 2
4(n− 1)
(|D0ij |
2 + |D1ij |
2 + |D
0
ij |
2 + |D
1
ij |
2))
−
n(n− 2)
4
(|M0|2 + |M1|2 + |M0|2 + |M1|2) ≤ 0 (38)
or equivalently
∑
i6=j
1
n− 1
(ℜe[W 0ij ]−
n− 2
4
|D0ij |
2 −
n− 2
4
|M0|2)
∑
i6=j
1
n− 1
(ℜe[W 1ij ]−
n− 2
4
|D1ij |
2 −
n− 2
4
|M1|2)
∑
i6=j
1
n− 1
(ℜe[W
0
ij ]−
n− 2
4
|D
0
ij |
2 −
n− 2
4
|M
0
|2)
∑
i6=j
1
n− 1
(ℜe[W
1
ij ]−
n− 2
4
|D
1
ij |
2 −
n− 2
4
|M
1
|2) ≤ 0 (39)
Now we can use
|M0 −D0ij |
2 = |M0|2 + |D0ij |
2 − 2ℜe[W 0ij ] (40)
|M1 −D1ij |
2 = |M1|2 + |D1ij |
2 − 2ℜe[W 1ij ] (41)
|M
0
+ (−1)n+1D
0
ij |
2 = |M
0
|2 + |D
0
ij |
2 + (−1)n+12ℜe[W
0
ij ] (42)
|M
1
+ (−1)n+1D
1
ij |
2 = |M
1
|2 + |D
1
ij |
2 + (−1)n+12ℜe[W
1
ij ] (43)
which proves the inequality for n ≥ 4.
Corollary 2 ∑
i6=j
ℜe[(〈wi|ρ|wj〉+ (−1)
n+1〈wi|ρ|wj〉)]− α
∑
i
(〈wi|ρ|wi〉+ 〈wi|ρ|wi〉)−
β(〈00 · · · 0|ρ|00 · · ·0〉+ 〈11 · · · 1|ρ|1 · · · 11〉)− γ
∑
i6=j
(〈dij |ρ|dij〉+ 〈dij |ρ|dij〉) ≤ 0 (44)
is satisfied for all biseparable states for some α, β, γ > 0
Proof:
The following inequality is satisfied by all biseparable states (as proven in Ref.[24]):
∑
i6=j
ℜe[〈wi|ρ|wj〉]−
∑
i6=j
√
〈00 · · · 0|ρ|00 · · ·0〉〈dij |ρ|dij〉 − (n− 2)
∑
i
〈wi|ρ|wi〉 ≤ 0 (45)
or equivalently
∑
i6=j
ℜe[〈wi|ρ|wj〉]−
∑
i6=j
√
〈11 · · · 1|ρ|11 · · ·1〉〈dij |ρ|dij〉 − (n− 2)
∑
i
〈wi|ρ|wi〉 ≤ 0 (46)
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and
−
∑
i6=j
ℜe[〈wi|ρ|wj〉]−
∑
i6=j
√
〈11 · · ·1|ρ|11 · · ·1〉〈dij |ρ|dij〉 − (n− 2)
∑
i
〈wi|ρ|wi〉 ≤ 0 (47)
using √
〈00 · · · 0|ρ|00 · · ·0〉〈dij |ρ|dij〉 ≤
1
2
(〈00 · · · 0|ρ|00 · · ·0〉+ 〈dij |ρ|dij〉) (48)
we arrive at ∑
i6=j
ℜe[〈wi|ρ|wj〉+ (−1)
n+1〈wi|ρ|wj〉]−
∑
i6=j
(〈dij |ρ|dij〉+ 〈dij |ρ|dij〉)−
(n− 2)
∑
i
(〈wi|ρ|wi〉+ 〈wi|ρ|wi〉)−
n(n− 1)
2
(〈00 · · · 0|ρ|00 · · ·0〉+ 〈11 · · · 1|ρ|11 · · ·1〉) ≤ 0 (49)
here we have to choose α = (n− 2), β = n(n−1)2 and γ = 1.
Corollary 3:
∑
i6=j
ℜe[(〈wi|ρ|wj〉+ (−1)
n+1〈wi|ρ|wj〉)]− α
∑
i
(〈wi|ρ|wi〉+ 〈wi|ρ|wi〉)−
β(〈00 · · · 0|ρ|00 · · ·0〉+ 〈11 · · · 1|ρ|1 · · · 11〉)− γ
∑
i6=j
(〈dij |ρ|dij〉+ 〈dij |ρ|dij〉) ≤ 0 (50)
is satisfied by both biseparable states and C({|Ψ1(2)〉}) for α = (n− 2), β =
n(n−1)
2 and γ = 1.
Proof:
It is evident that inequality (50) is satisfied for all biseparable states as proven in Proof 2. As α, β and γ are larger
than what is needed for all ”double states”, we can conclude that subtracting even more positive terms does not
change the validity of inequality (50) for these states.
Proof of the “n-tuple state” inequality: The “n-tuple state” inequality (I(n)) is satisfied by all states of the form
|ψ(n)〉 :=
∑
i
λi|Wi〉 (51)
where
|Wi〉 := |x1x2 · · ·xi−1yixi+1 · · ·xn〉 (52)
and
|xi〉 = ai |0〉+ ai |1〉
|yi〉 = ai
∗ |0〉 − a∗i |1〉 . (53)
Proof 2: First observe that
〈0|⊗n|ψ(n)〉 =
∑
i
λi a
∗
i (
∏
n6=i
an) ,
〈1|⊗n|ψ(n)〉 = −
∑
i
λi a
∗
i (
∏
n6=i
an) , (54)
such that we obtain for the first term of the “n–tuple state” inequality with ρ =
∑
i,j λiλ
∗
j |Wi〉〈Wj |
ℜe[〈0|⊗nρ|1〉⊗n] = −ℜe[
∏
n
ana
∗
n +
∑
i6=j
λiλ
∗
j a
∗
i
2a2j (
∏
n6=i,j
ana
∗
n)] . (55)
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Let us introduce an index set mk = {i1i2 · · · ik} and denote the complement by m
C
k , then we can with
|dmk〉 := |0〉
⊗n−k
mC
k
|1〉⊗kmk (56)
rewrite the second term of the “n–tuple state” inequality by
1− 〈0|⊗nρ|0〉⊗n − 〈1|⊗nρ|1〉⊗n =
n−1∑
k=1
∑
mk
〈dmk |ρ|dmk〉
=
n−1∑
k=1
∑
mk
∑
i,j
λiλ
∗
j 〈dmk |Wi〉〈Wj |dmk〉 , (57)
i.e. we have to calculate all diagonal terms minus the first and last one. We have two different cases (mk/i. . . denotes
the index set mk without the index i)
〈dmk |Wi〉 =
{
−a∗i ·
∏
n∈mC
k
(an) ·
∏
l∈mk/i(al), if i ∈ mk
a∗i ·
∏
n∈mC
k
/i(an) ·
∏
l∈mk(al), if i /∈ mk
(58)
and therefore four possibilities for the products
〈Wj |dmk〉〈dmk |Wi〉 =


∏
n∈mC
k
(|an|
2)
∏
l∈mk/i,j(|al|
2)a∗i aja
∗
i aj , if i ∈ mk, j ∈ mk
−
∏
n∈mC
k
/j(|an|
2)
∏
l∈mk/i(|al|
2)a∗i aja
∗
i aj , if i ∈ mk, j /∈ mk
−
∏
n∈mC
k
/i(|an|
2)
∏
l∈mk/j(|al|
2)a∗i aja
∗
i aj , if i /∈ mk, j ∈ mk∏
n∈mC
k
/{i,j}(|an|
2)
∏
l∈mk(|al|
2)a∗i aja
∗
i aj , if i /∈ mk, j /∈ mk
(59)
We expect that certain real parts cancel each other, in detail we find that the following relation holds
X ijmk := 〈Wj |dmk〉〈dmk |Wi〉 = −〈Wj |dm′k′ 〉〈dm
′
k′
|Wi〉 (60)
if
k′ = k + 1 (61)
and
mk ∪m
′
k+1 \mk ∩m
′
k+1 = {i} . (62)
This can be proven explicitly by computing the expressions. Now we can complete all corresponding |〈Wj |dmk〉|
2 +
|〈Wi|dmk〉|
2 to complete negative squares.
Explicitly we observe ∑
i
|λi|
2|〈d{i}|Wi〉|2 =
∏
n
|an|
2 (63)
∑
i
|λi|
2|〈d{i}C |Wi〉|
2 =
∏
n
|an|
2 (64)
such that for the case i = j we obtain the following negate square for the inequality under investigation
−
∑
i
|λi|
2ℜe[〈0|⊗nWi〉〈Wi|1〉⊗n]− α(
∑
i
|λi|
2|〈d{i}|Wi〉|2 +
∑
i
|λi|
2|〈d{i}C |Wi〉|
2)
= −ℜe[
∏
n
ana
∗
n]− α(
∏
n
|an|
2 +
∏
n
|an|
2)
= −
1
2
|
∏
n
an +
∏
n
an|
2 ≤ 0 (65)
where the last equation holds for α = 12 . Thus we have proven that all terms with i = j are negative.
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For the terms i 6= j we can proceed in a similar way∑
i,j
(
−ℜe[λiλ
∗
j 〈0|
⊗nWi〉〈Wj |1〉⊗n]− α(|λi|2|〈d{ij} |Wi〉|
2 + |λj |
2|〈d{ij}C |Wj〉|
2)
)
=
∑
i,j

−ℜe[λiλ∗j a∗i 2a2j ( ∏
n6=i,j
ana
∗
n)]− α(|λi|
2
∣∣(−) · a∗i aj ∏
n6=i,j
an
∣∣2 + |λj |2 ∣∣aia∗j ∏
n6=i,j
an
∣∣2)


=
∑
i,j

−1
2
∣∣λi a∗i aj( ∏
n6=i,j
an) + λj aia
∗
j (
∏
n6=i,j
an)
∣∣2

 ≤ 0 (66)
where the last equation holds for α = 12 (note that as the sum goes over all i and j in any sum the role of i, j can
be interchanged). Now we can combine both cases and the proof is complete. However, note that in the case n = 4
the set |d{ij}〉 and its complement are identical such that terms used to complete the negative squares for the case
i = j are not available for the case i 6= j, this we can compensate by choosing α = 1. Thus we have proven that the
“n–tuple state” inequality for all n with α = 12 except for n = 4 where one has to chose α = 1 holds for any state of
the set C({|Ψ1(n)〉}).
That the inequality holds for biseparable states follows from inequality (II) presented in Ref. [24].
Proof of the ”(n− 1)-tuple state” inequality The inequality∑
i6=j
ℜe[(〈wi|ρ|wj〉]− (n− 2)
∑
i
(〈wi|ρ|wi〉)−
n(n− 1)
2
(〈00 · · · 0|ρ|00 · · ·0〉)− (n− 2)
∑
i6=j
(〈dij |ρ|dij〉) ≤ 0 (67)
is satisfied for all states of the form
|ψ(n−1)〉 =
√
2
n(n− 1)
∑
i<j
|Dij〉 (68)
where
|Dij〉 =
⊗
k 6=i,j
|xk〉 ⊗ |yi〉 ⊗ |yj〉 (69)
|xi〉 = ai|0〉+ ai|1〉 (70)
|yi〉 = ai
∗|0〉 − a∗i |1〉 (71)
Proof 3: To prove the inequality we first take a look at the individual products
〈wi|Dxy〉 =


aia
∗
xa
∗
y
∏
k 6=i,x,y ak, if i 6= x, y
−a∗xa
∗
y
∏
k 6=x,y ak, if i = x
−a∗xa
∗
y
∏
k 6=x,y ak, if i = y
(72)
and
〈dij |Dxy〉 =


aiaja
∗
xa
∗
y
∏
k 6=i,j,x,y ak, if i, j 6= x, y
−aja
∗
xa
∗
y
∏
k 6=j,x,y ak, if i = x, j 6= y
−aja
∗
xa
∗
y
∏
k 6=j,x,y ak, if i = y, j 6= x
−aia
∗
xa
∗
y
∏
k 6=i,x,y ak, if i 6= y, j = x
−aia
∗
xa
∗
y
∏
k 6=i,x,y ak, if i 6= x, j = y
a∗xa
∗
y
∏
k 6=x,y ak, if i = x, j = y
(73)
Now the two products
|〈ψ(n−1)|wi〉|2 = |
∑
x<y
〈wi|Dxy〉|
2 (74)
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and
|〈ψ(n−1)|dij〉|2 = |
∑
x<y
〈dij |Dxy〉|
2 (75)
again have real parts which cancel each other out:
〈dij |Dxy〉〈Dx′y′ |dij〉 = −〈wk|dmn〉〈dm′n′ |wk〉 (76)
if
{ijijxyx′y′} \ {{{ij} ∩ {xy}} ∪ {{ij} ∩ {x′y′}}} (77)
= {kkmnm′n′} \ {{{k} ∩ {mn}} ∪ {{k} ∩ {m′n′}}} (78)
from which follows that the according squared terms may be used to complete negative squares with the first part of
the inequality. The condition reads
ℜe[〈wi|dxy〉〈dx′y′ |wj〉]−
1
2
(|〈dab|Dmn〉|
2 + |〈dab|Dm′n′〉|
2) (79)
= −|〈dab|Dmn〉+ 〈dab|Dm′n′〉|
2 (80)
when
{ijxyx′y′} \ {{{i} ∩ {xy}} ∪ {{j} ∩ {x′y′}}} (81)
= {abcdmnm′n′} \ {{{ab} ∩ {mn}} ∪ {{cd} ∩ {m′n′}}} (82)
also, where the appropriate terms are not available one can use the corresponding |〈wi|Dxy〉|
2 from the inequality.
By explicit, yet cumbersome, calculation one can in a straightforward way show that the inequality is indeed satisfied
for all states of the class C({|Ψ1((n−1))〉}), analogously to the previous proofs. As this inequality is just the linearized
version of inequality (III) from Ref. [24] it also holds for all biseparable states.
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